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Abstract
A recently proposed vector meson dominance (VMD) eective Lagrangian
model with SU(3) and nonet symmetry breaking has provided a successful
description of all radiative decays of light mesons (V Pγ and Pγγ). Its main
ingredient is a eld transformation necessitated by symmetry breaking eects
in order that the Lagrangian kinetic terms be canonical. It is shown that
it accounts for parameter values, denitions and leading order expressions
from Chiral Perturbation Theory (ChPT). We nd that the traditional one{
angle mixing scheme for Pγγ amplitudes arises naturally from the anomalous
Lagrangian and provides a quite satisfactory description of all relevant data,
in complete agreement with ChPT. Following the recent work of Kaiser and
Leutwyler, we nd, using t results to only V Pγ radiative decays, 8 ’ −20,
0 ’ 0. The single angle occurring in =0 two{photon decay amplitudes
is P ’ −10, where P ’ 8=2 is the relevant angle for the =0 mixing.
The quark mass ratio is found to be ’ 21:2  2:4. The Gell{Mann{Okubo
mass relation is fullled. The result 0 = 0, supported by all data on radiative
decays, gives a novel relation between mixing angles and the violation of nonet
symmetry in the pseudoscalar sector.
Work supported by the US Department of Energy contract DE-AC03-76SF00515.
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I. INTRODUCTION.
Recently, a model [1,2] has been proposed which describes quite successfully all radiative
decays of light mesons, that is, those of the kind V ! Pγ and P ! γγ. This vector
meson dominance (VMD) based model relies on the hidden local symmetry (HLS) approach
developed in Ref. [3] which introduces the vector mesons as gauge bosons of a spontaneously
broken hidden local symmetry. Its anomalous sector [3,4] (referred to hereafter as FKTUY),
describes the radiative decays of light flavor mesons. In its original form this Lagrangian
is U(3) symmetric, as it possesses both nonet symmetry for the pseudoscalars and SU(3)
flavor symmetry.
In order to successfully describe the full pattern of light mesons radiative decays, this
original scheme needs to be supplemented with symmetry breaking mechanisms. As recalled
in Ref. [1], nonet symmetry in the sector of vector mesons is well fullled; however, it is also
shown there that it is not true for the pseudoscalar sector. Nonet symmetry has thus to be
broken, but only for pseudoscalar mesons; it is done in the manner of Ref. [5]. Additionally,
it is also shown in Ref. [1] that breaking the SU(3) flavor symmetry cannot be avoided. This
is essentially performed following the mechanism proposed by Bando, Kugo and Yamawaki
(BKY) [6,7] and does not depend on a free parameter. This quite simple breaking pattern1
is able to account for all radiative decays of light mesons, except for K ! Kγ. The
treatment of this last mode necessitates a slight complication of this simple picture; we will
not discuss this further, though, as it is not relevant for the purpose of the present paper
and we refer the reader to Refs. [1,2] for further details.2
The problem of =0 mixing [8,9] is tightly connected with the breaking of nonet sym-
metry. This can be performed at the level of the coupling constants as stated above [5], but
this breaking can also be connected with a possible glue component inside the light mesons
[10,11]. This was investigated in Ref. [1] where it was clearly shown that the eects of such a
glue component can only aect the 0 meson, but cannot be disentangled from genuine nonet
symmetry breaking eects without a a priori knowledge of one of these twin phenomena.
In connection with this particular problem, but even more closely connected with the
eects of broken symmetries in Chiral Perturbation Theory (ChPT), Kaiser and Leutwyler
[12,13] advocate an =0 mixing scheme, more complicated than the usual one, depending
on two decay constants and two mixing angles. Some phenomenological analyses [14,15]
have been done investigating this new scheme. However, the successful analysis of radiative
decays of Ref. [1] does not nd any need for such a complicated picture, if one limits oneself
to only radiative decays of light mesons (that is, however, 14 independent modes).
1Concerning radiative decays, it depends on only four free parameters and describes 13 decay
modes; one more parameter is needed in order to describe completely the K sector with 14 modes
in total. This seems by far the simplest successful scheme proposed. Nevertheless, the present
work will allow to us reduce the number of free parameters by one, without any loss in t quality.
We will also emphasize that, in principle, this number of free parameters can be reduced by two.
2Though these two references deal essentially with the same physics content, their perspectives
are somewhat complementary.
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More appealing, the anomalous Lagrangian of Wess, Zumino and Witten (WZW) [16,17],
with SU(3) symmetry broken as explained in Refs. [1,2], leads to denitions of the mixing
angle and decay constants as per Current Algebra. The mixing angle was found in Ref. [1]
to be ’ −11, and moreover, the value for the octet decay constant is f8 = 0:82f. The
relevance of these parameter values is strongly supported by an impressive agreement with
experimental data within a highly constrained model (4 parameters for 14 decay modes).
All this seems in glaring disagreement with the expectations of ChPT [8,9,12,13,18,19].
Taking into account the special role of ChPT in low energy phenomenology, a possible
contradiction between ChPT (and hence QCD) and VMD is a worrying question which
must be addressed. This is the purpose of the present paper, which will show that the
contradiction is illusory and only due to dierent denitions of the same parameters in a naive
understanding of the WZW approach (with encompasses the Current Algebra denitions)
and in ChPT.
It will even be shown that the VMD approach, relying on the HLS model broken as in
Refs. [1,2], is in accord with ChPT expectations. This will be illustrated by deriving from
a broken VMD Lagrangian model, all known leading order expressions for ChPT mixing
angles and decay constants, and by giving their numerical values. For sake of conciseness,
we shall frequently use NSB to refer to nonet symmetry breaking and to FSB for SU(3)
flavor symmetry breaking.
The outline of the paper is as follows. In Section II we present a Lagrangian VMD
model, based on the HLS approach, which includes both NSB and FSB. We shall show that
there is a close connection between them. Besides the Lagrangian of this model, we give the
expressions for the axial currents needed to dene meson decay constants. In Section III we
study the eld transformation which permits us to write the kinetic energy of this broken
VMD model in canonical form, in terms of renormalized elds. We show here that the eld
transform of Refs. [1,2] corresponds to a rst order truncation in both NSB and FSB.
Section IV gives the VMD description of the =0 ! γγ decay which depends3 on one
mixing angle and nonet symmetry breaking (as parametrized by x). In Section V the
corresponding description is derived, starting from the BKY broken WZW Lagrangian, and
it is shown that WZW and VMD coincide.
In Section VI, we derive the set of relations which allows one to dene mixing angles
and decay constants in accord with the standard (or extended) ChPT approach. Here we
show, rst that the denitions of mixing angles and decay constants from VMD/WZW and
ChPT do not coincide once symmetry breaking is included and, second, that VMD provides
expressions and values for the ChPT parameters of relevance in accord with all expectations.
This is illustrated by several examples, including the relation between the VMD mixing angle
P and the ChPT angle 8.
In Section VII, we show that starting from the axial anomaly, it is possible to reconstruct
the one angle mixing scheme as it arises in our broken VMD model and from the WZW
Lagrangian; we comment on the previous use of ChPT predictions in phenomenological
analyses of radiative decays data.
3SU(3) flavor breaking arises through a dependence upon the ratio fK=f and non{zero mixing
angles.
2
In Section VIII, we show that nonet symmetry breaking and pseudoscalar mixing angle(s)
are functionally related, which is a completely new result. This allows us to perform a t
of radiative decays with only 3 free parameters. The level of nonet symmetry breaking
correlated with the t value of the pseudoscalar mixing angle is shown to remove any need
for glue in the 0 meson. A few other points of interest are also examined (quark mass ratio,
isoscalar mass matrix). Finally, Section IX is devoted to conclusions.
II. A BROKEN HLS MODEL FOR RADIATIVE DECAYS
The model developed in Refs. [1,2] in order to describe all light meson radiative
decays relies on breaking nonet symmetry and flavor SU(3) in the HLS Lagrangian [3], and
especially in its anomalous (FKTUY) sector [4]. If the breaking procedure of SU(3) flavor
symmetry (referred to hereafter as FSB) in the non{anomalous HLS Lagrangian is well
dened [6,7], the U(3) (nonet) symmetry breaking procedure (hereafter referred to as NSB)
is not.
For the purpose of only studying light meson radiative decays [1], a detailed knowledge
of the NSB breaking mechanism is not needed. Indeed, one only needs to know the eld
renormalization it would imply. The choice made in Refs. [1,2] was to postulate a likely
form; this is not arbitrary as it is practically determined by the O’Donnell derivation of the
SU(3) { not U(3) { V Pγ couplings, which assumes only the SU(3) flavor group structure,
gauge invariance and Lorentz invariance [5].
However, the conenction between FSB and NSB is a much stronger assumption which
only relies on its impressive phenomenological success [1]. In this section, we aim to propose
a Lagrangian model which gives a stronger motivation for this assumption. It also allows
us to obtain expressions for the axial currents and thus to connect with the usual ChPT
approach.
A. Basic Ingredients
The basic ingredients of the eective Lagrangian approach to the interaction of vector
and pseudoscalar mesons are the matrices V and P of the corresponding elds expressed in
the flavor (u, d, s) basis.
The vector meson eld matrix V is usually written4 in terms of ideally mixed states (!I ,
I)






− (−0 + !I)=p2 K0
K− K
0 −I
 ; a = 1; :::; 8: (1)
Correspondingly, the pseudoscalar eld matrix is usually dened as
4The sign in front of I means that we dene I = −jssi.
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a0 = 0; :::; 8 (2)
using the conventional octet and singlet components (8, 0) for the isoscalar mesons. For
deniteness, the SU(3) matrices will be denoted T a (a = 1;   8) and fulll the normalization
condition Tr[T aT b] = ab=2. We complete this matrix basis, by adding the unit matrix
suitably normalized T 0  1=p6.
The physical states (!, , , 0) are generated from the ideally mixed states by means
of standard rotation angles V or P for vector and pseudoscalar mesons. Correspondingly,
the rotation angles for the singlet and octet states to the physically observed mesons are
traditionally named V and P . These well known relations can be found in Refs. [1,5,7,20].
We recall, however, for further use, the traditional expression 
0
 =
 cos P − sin P





With a slightly liberalized, but obvious, notation, these expressions for V and P can also
be written
V = V8 + V0 ; P = P8 + P0 (4)
in order to exhibit their octet and singlet component combinations, and show that nonet
(U(3)) symmetry is implicitly assumed.
B. Physical Motivation for Nonet Symmetry Breaking (NSB)
Referring to O’Donnell [5], NSB implies modifying Eq. (4) to
V = V8 + yV0; P = P8 + xP0 (5)
In this way, NSB changes the relative weight of the octet and singlet parts in a priori both
meson sectors. Previous phenomenological studies of radiative decays [1,21] have clearly
concluded that NSB in the vector sector was not required by the data and that the t
quality was not degraded by xing y = 1.
However, both old [21] and recent [1,2] studies have concluded that NSB is unavoidable
in the pseudoscalar sector. Although there is no rm theoretical information about the mag-
nitude of NSB, phenomenology requires a small, but highly signicant, NSB level [1,2,21],
namely x ’ 0:9. In order to substantiate the eect of this 10% breaking, let us note [1] that
going from x = 1 to x ’ 0:9 lessens the 2 from 30 to 10, when tting 14 radiative decay
modes, a very signicant eect for a single parameter.
Another way to account for nonet symmetry breaking is to assume that the singlet sector
contains a component other than the standard SU(3)/U(3) singlet; we will name it glue only
for convenience. A possible coupling of the =0 doublet to glue can be accounted for [1] by
4







cos P − sin P 0
sin P cos γ cos P cos γ sin γ







Indeed, following the analysis of Ref. [1], we do not have to introduce any coupling of
the  meson to glue, which would introduce an additional angle ( in Ref. [1]). The angle
γ produces a coupling of (only) the 0 meson to glue. We have named 00 as the possible
triplet companion of the =0 mesons, and we will not attempt to identify it. If γ = 0, one
clearly recovers the usual mixing pattern for the =0 system by decoupling it from glue.
When tting the data on radiative decays of light mesons, the level of correlation between
x and γ is found such that assuming glue and exact nonet symmetry (x = 1), or assuming
no glue (γ = 0) and some NSB, provide the same description of the data [1,2]. Therefore,
whether glue is required in order to describe the 0 properties is still a pending question
which will be addressed in the present paper (see Section VIII), when an educated guess
about the value of x will be made.
We shall not attempt to include this additional singlet in the Lagrangian model to be
proposed for reasons which will become clear at the end of this paper.
C. Basics of the HLS Model
We refer the reader to Ref. [3] for a comprehensive review of the HLS model. A brief
account can be found in Ref. [7]. We only recall the main features here.
























]2  −f 2
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Tr[L+R]2 (7)
a is a parameter which is not xed by the theory and f is the usual pion decay constant
(92.41 MeV). The covariant derivative is
DL;R = @L;R − igVL;R + ieL;RAQ (8)
where A is the photon eld, V the vector meson eld matrix dened above and Q =
Diag(2=3;−1=3;−1=3) is the quark charge matrix, e is the unit electric charge and g is the
universal vector meson coupling [3]. Finally, one generally chooses
R = 
y
L =  = exp (iP=f): (9)
The standard VMD model is obtained by setting a = 2 in the HLS Lagrangian. However,
several studies of the pion form factor [22,23] favor a ’ 2:4, quite inconsistent with 2. A
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simultaneous analysis of light meson radiative decays and vector meson leptonic decays [1]
nds a ’ 2:5, quite consistent with pion form factor studies, when taking into account
systematic errors [23].
The HLS Lagrangian is given in expanded form in Ref. [7] (see Eq. (A1), where the
pseudoscalar kinetic energy term has been omitted). For the purpose of the present paper,
it should be noted that the pseudoscalar singlet eld 0 undergoes no interaction and only
occurs in the (omitted) kinetic energy term.
D. SU(3) Breaking Mechanism (FSB) of the HLS Model
SU(3) symmetry breaking (FSB) of the HLS Lagrangian has been introduced by Bando,
Kugo and Yamawaki [6] (already referred to as BKY) and originates from Refs. [3,6]. Brief
accounts and some new developments can be found in Refs. [7,24], connected more precisely
with the anomalous sector [4]. We refer the reader to Refs. [1,2,6,7,24] for detailed analyses of
the properties of known variants of the BKY breaking scheme. Here we will only sketch the
so{called new scheme detailed in Ref. [7]. Basically, the BKY breaking of SU(3) symmetry





Tr[(L R)(1 + (LA;V yR + RA;V yL)=2)]2: (10)
which has a smooth unbroken limit. The constant matrices A;V are given by Diag(0, 0,






Tr[(L R)XA;V (L R)XA;V ]: (11)
The expanded expression of the BKY broken HLS Lagrangian can be found in Ref. [7]
(see Eq. (A5) in the Appendix). One should note, among other properties of this breaking
mechanism, that the pseudoscalar singlet eld 0 does not undergo interactions with any of
the other elds, as in the unbroken limit. It contributes only to the kinetic energy term in
LA
LA = Tr[@PXA@PXA] +    (12)
The basic consequence of this BKY breaking mechanism for FSB is thus to force a renor-
malization of the (bare) pseudoscalar eld matrix P , P ! P 0:
P 0 = X1=2A PX
1=2
A ; (13)
in order to restore the kinetic energy term to canonical form The eld transform in Eq. (13)
has a smooth limit when XA ! 1. Additionally, we have [6,7]





= 1:495 0:030 ; (14)
The quantity z was named ‘A in Ref. [1]. We shall also use the notation Z = 1=z ’ 2=3
in the following, for consistency with expressions written in Ref. [1]. It should be noted [7],
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that the eld renormalization (Eqs. (13) and (14)) is required in order to recover the charge
normalization condition FK+(0) = 1. The numerical value just given is deduced from the
experimental information quoted in Ref. [20]; tting this parameter [1] in radiative decays,
gives a value quite consistent with this number. Self{consistency of the broken HLS model
implies that this parameter, which has a well dened value and a well dened meaning, is
not ree.
Thus, the BKY breaking mechanism, just outlined, results in a renormalization of the
pseudoscalar eld matrix. It does not result likewise in a renormalization of the vector
eld matrix [6,7]. Nevertheless, this might have to be reconsidered in connection with the
description of the K radiative decay [1,2]. The nal word, however, might have to wait
for a conrmation of this decay rate, which could be measured at B{factories from  lepton
decays.
E. Nonet Symmetry Breaking (NSB) of the HLS Model
The way nonet symmetry breaking has to be introduced is not known. As for FSB
[7], there is probably no unique manner to do it eectively and some guideline is needed.
Our aim here is to provide a reasonable mechanism for nonet symmetry breaking within an
eective Lagrangian. This is required in order to describe the set of observed V Pγ radiative
decays.
The main problem faced in the phenomenology of radiative decays is the generalization
of Eq. (13) to the case where NSB is also in eect. At leading order, this is determined by
the influence of NSB on the kinetic energy part of an eective Lagrangian.
If FSB were absent, we already know that P ! P 08 + xP 00 is the required eld renormal-
ization, i.e. the renormalization results in a rescaling of the singlet part of the P matrix.
This means that NSB should contribute specically to the kinetic energy term which would
become
LA = Tr[@P@P ] + cTr[@P0@P0]    (15)
in the absence of FSB.
Let us now examine how we might incorporate the singlet contributions into the HLS
Lagrangian. As is well known, the symmetry of the HLS Lagrangian is larger than
SU(Nf )SU(Nf ), it is actually U(Nf)U(Nf ). However, this is unphysical. The extra
vector U(1) symmetry conserves baryon number and is thus desirable; moreover, as re-
marked above, this is supported by the data. However, the additional axial U(1) symmetry
is a problem as it would imply either parity doublets or a ninth light pseudoscalar (for re-
views see Refs. [25{27]). Therefore, we must reduce the symmetry of the HLS Lagrangian
is desirable. Introducing the chiral eld U  yLR = exp(i2P=f) [3], one obvious way is
through determinant terms [27],
L = LHLS + 
2f 2
12




ln det @U  ln det @U y (16)
where  is a parameter with mass dimensions and we have introduced the dimensionless
parameter A to allow for nonet symmetry breaking. Considering the chiral transformation
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U ! gyLUgR, we see Eq. (16) is now only invariant under SU(Nf )SU(Nf ) or when gL = gR
(i.e., UV ), as desired. Rewriting the Lagrangian we have
L = LHLS + 
2f 2
12




Tr ln @U  Tr ln @U y: (17)
Now recalling Eqs. (2) and (4), this can be rewritten








as P0 = 01=
p
6 and Tr[T 1−8] = 0. Thus through this breaking of the UA(1) symmetry,
the singlet acquires a mass which is nonvanishing in the chiral limit and an additional
kinetic term. As can be clearly seen, this implementation of NSB only modies the singlet
contribution to the Lagrangian kinetic energy (and mass term) without changing the usual
HLS interaction Lagrangian (see Eq. (A1) in Ref. [7]).
Having shown how UA(1) breaking might lead to an additional Lagrangian term, L0 as
given in Eq. (18), we now wish to explore the consequences of this. We are interested in
calculating the axial currents. This can be done through an innitesimal (axial) variation
@P









b + fa0@0: (19)
We see the octet components are unchanged, while the singlet component is aected by a
factor of 1 + .
F. A Few Comments on The Model Lagrangian
The NSB term in Eq. (18) is quite classical (see Eq. (32) in Ref. [13]). It undergoes FSB





Moreover, in this approach the current JA;8 is not aected by the NSB term directly (but,
again, only through its influence on the renormalization procedure).
This can be considered as an appropriate leading order behavior in the breaking parame-
ters (z− 1, ). However, one can easily imagine modications of the Lagrangian in Eq. (18)
which influence this pattern by higher order terms intermixing NSB and FSB. For instance,
using covariant derivatives for the singlet eld as dened in Ref. [13] and FSB in the manner
of BKY, the derivative terms in Eq. (18) can be modied as
Tr[ln @U ] ) Tr[ln (DU)XA] (20)
(D = @ + Tr[@]) and then generate contributions of mixed terms of the form [12,13]
@0@8 with coecients of the form (z− 1), which influence the diagonalization procedure
by subleading contributions.
Therefore, our Lagrangian model can be understood as a rst order Lagrangian in which
terms carrying coecients of the form (z− 1)n (with n  1) have been neglected. It is one
of the reasons why we will not go here beyond leading order in .
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III. AN EFFECTIVE LAGRANGIAN MODEL WITH FSB AND NSB AT FIRST
ORDER
For the purpose of the present study, we are interested only in the kinetic energy part
of the Lagrangian in Eq. (18), which needs to be diagonalized in order to get the explicit
transform P ! P 0, from bare to renormalized elds.
In order to substantiate the connection between x and , let us remark that, when FSB
vanishes (XA ! 1), the Lagrangian is diagonalized by P0 ! P 00=
p
1 + . Then it is clear,
by comparing with Eq. (5), that x ’ 1=p1 + , up to higher order eects in the breaking
parameters.
Conversely, it is clear that, if NSB vanishes, the kinetic energy of the Lagrangian is
rendered canonical by the transform in Eq. (13).
A. Diagonalization of the Effective Lagrangian Kinetic Energy
The Lagrangian in Eq. (18) has a non{canonical kinetic energy, which is precisely of the
form given in Eq. (15) with c = . Putting it into a suitable diagonal form is thus required,
in order to dene the physical elds in terms of the unphysical (bare) eld and, conversely,
also to get the axial currents in terms of the physical elds.
It is suitable to perform diagonalization in two steps. The rst step is simply to dene
an intermediate renormalization step by P 00 = X1=2A PX
1=2
A , which puts the nonet symmetric
part of the kinetic energy term into canonical form. Practically, this means that pion elds
are unchanged in this renormalization, while the kaon elds absorb a fK=f factor, as if
NSB were absent. Concerning isoscalar mesons, these (rst step) renormalized elds can be



















’ 0:16 ; B = (2z + 1)
3z
’ 0:90 ; C = (z + 2)
3z
’ 0:80 ; (22)
where the numerical values are for z ’ 3=2. A can be considered as the FSB characteristic
size. C and B dier at rst order in this breaking parameter since
p
2(B − C) = A. After
this renormalization the kinetic energy T is still non{canonical ; indeed, the nonet symmetric
part is canonical, but the NSB term is still not. Using Eq. (21), T can be expressed in terms
of the (intermediate, i.e. double prime) elds by
2T = [@008 ]
2 + [@000 ]

















00 = [sin 
00




1 + (A2 + B2): (25)
These eld combinations, which directly follow from the eigensolutions of the quadratic
form of Eq. (23), have a smooth limit when both FSB and NSB tend to zero (08 ! 008 and
00 ! 000); when FSB alone tends to zero (A ! 0) the limit is also smooth (08 ! 008 and
00 ! 000
p
1 + ). However, the limit is not smooth when only NSB vanishes; indeed, Eq. (25)
shows that the elds remain rotated by an angle  which is non{zero if FSB is still active. In
order to cure this disease, one can choose as nal renormalized elds linear combinations of
the solutions in Eqs. (25), which have the desired limit properties and conserve the canonical
structure of T by the diagonalization. Using v =
√
1 + (A2 + B2)− 1, these combinations
are
08 = (1 + v sin
2 )008 + v sin  cos 
00
0
00 = v sin  cos 
00
8 + (1 + v cos
2 )000 (26)






































The last relation is obtained by removing breaking terms of order greater than 1. Using
Eqs. (21) and (27), we can approximate the physical eld (prime) combinations in terms of






























This is the physical (rst order) approximation which corresponds to the eld renormaliza-
tion used in Ref. [1] and recalled in Eq. (30). The last matrix expression in Eq. (28) is
obtained by remarking that B2 diers from  by terms of order A and then is legitimate
to neglect them at rst order in further computations. The A term in the lower leftmost
matrix element is kept for consistency, but clearly plays a negligible role.
Therefore, the eld renormalization on which the study of Refs. [1,2] rely is obtained
from a Lagrangian model by truncating at rst order in the breaking parameters. This
provides an excellent t to all light meson radiative decays, as can be seen from Ref. [1]
and as will be shown below (see Subsection VIIIB). It is unlikely that there would be a
signicant improvement in t quality from using Eq. (26), as opposed to the approximate
result given in Eq. (28), as can also be seen from Table 1. We shall commented on this later.
From these expressions, it is also clear that the NSB parameter x [1] is actually
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=)  ’ 0:20− 0:25; (29)
using the reference value for x (see Eq. (35)). We see the parameter  is small. In determining
the accuracy and systematic errors, the neglected orders of magnitude should be estimated
from the values of A [FSB] and (1− x) [NSB].
Therefore, in what follows we shall approximate change of elds by its expression at rst










The accuracy of this expression relative to the Lagrangian dened above can be estimated
by analyzing the magnitude of the neglected terms in Eq. (28). It is likely to be of the order
5%.
IV. THE VMD DESCRIPTION OF =0 ! γγ DECAYS
Following FKTUY [4], the anomalous U(3) symmetric Lagrangian describing PV V in-
teractions is




The PV γ and Pγγ transitions amplitudes are obtained from this Lagrangian and the non{
anomalous HLS Lagrangian, needed in order to describe the direct transition of vector
mesons to photons. This non{anomalous HLS Lagrangian is given in its expanded form in
Ref. [7]. It should only undergo the eld renormalization of Eq. (30), valid at rst order in
the (two) breaking parameters.
The HLS model contains the Vector Meson Dominance (VMD) assumption (for a review
see Ref. [29]); it thus gives a way to relate the radiative decay modes V Pγ to each other and
to the Pγγ decays for light mesons, by giving a precise meaning to the equations sketched
in Fig. 1.
From known information [20] on single photon radiative decays and leptonic decay widths
of vector mesons only, this equation can be used to derive the two{photon widths of the 0,
, 0 mesons. The accuracy of such a crude calculation is quite good, as can be seen from
Table 1 in Ref. [2]. Additionally, this equation implies an algebraic relationship among both
kinds of radiative decays, which can be worked out analytically [1].
Propagating the eld renormalization in Eq. (30) down to the FKTUY Lagrangian of
Eq. (31) gives







Then, the VVP Lagrangian is changed in a denite way by the renormalization procedure.
It is interesting to note that the VMD broken model [1] we discuss expresses all radiative
coupling constants in terms of g , x and of the two mixing angles P and V . Even if f, fK
serve to dene the SU(3) breaking, they can hardly be considered as (free) parameters; it is





Graphical representation of the relation among various kind of coupling constants. V
and V 0 stand for the lowest lying vector mesons (0, !, ); the internal vector meson lines
are propagators at s = 0 and are approximated by the corresponding tabulated [20] masses
squared.
The expanded form of the Lagrangian in Eq. (32) is given in the Appendix of Ref. [1].
The expressions for the two{photon decays widths of the  and 0 mesons can be derived
from this. They are

































where Z = 1=z = [f=fK ]
2. Actually, the last expression in Eq. (33) is a normalization
condition which allows us to x the numerical coecient in Eq. (32). It is clear that Eq. (33)
gives the two{photon decay widths in terms of f, fK , x and only one mixing angle, P .
This will be frequently referred to as the wave{function mixing angle (see Eq. (3)).
Using standard Feynman rules, the HLS model provides denite expressions for the two{
photon couplings of the pseudoscalar mesons, through its anomalous (FKTUY) sector. It
should be noted that they exhibit the traditional form [8,9,30] originally obtained through
Current Algebra. These couplings are related to partial widths by




jGXγγj2 ; X = 0; ; 0 : (34)
As a test, one can t the parameters x and P solely through radiative decays of the type
V Pγ and use these values and their associated errors to predict the values for the two{
photon decay widths of the  and 0 mesons. The t values used for these computations [1]
are x = 0:9170:017 and P = −10:411:21. The results are given in Table 1 and clearly
illustrate that the expressions in Eq. (33) are valid and that the V Pγ processes accurately
predict the two{photon decay widths.
Stated otherwise, one does not need more than one angle, P , to describe the  and
0 radiative decays and this receives an especially strong support from all V Pγ modes.
Additionally, despite claims [8,19,31], this angle is found to be ’ −11, clearly inconsistent
with ChPT expectations of around −20 [8,19,18].
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Mode VMD Fit PDG Comment Global Fit Quality (x; P )
Prediction Value 2=dof Probability Correlation
0:514 0:026 γγ 11.07/10(35%) −0:34%
! γγ [keV] 0:464 0:026 0:46 0:04 PDG mean 9.14/10(52%) −0:49%
0:324 0:046 Primako 14.82/10 (13%) −0:55%
0 ! γγ[keV] 4:407 0:233 4:27 0:19 PDG mean
Table 1 : Partial decay widths of the =0 mesons, as reconstructed solely from ts to the
radiative decays V Pγ (leftmost data column) and their direct measurements [20] (second
data column). The third data column displays t quality parameters when using the
corresponding  measurement. The rightmost data column gives the correlation coecient
(x; P ) in the corresponding case.
A comment is of relevance concerning the data on  ! γγ. One clearly sees that
the V Pγ modes considered altogether clearly prefer the PDG recommended (mean) value
to either of the homogeneous reported measurements. Therefore, one may guess that the
(single) Primako eect measurement and the (fourfold) γγ measurement, both suer from
systematic errors of nearly the same magnitude and in opposite directions. This guess is
supported by the recent direct measurement of the  ! γγ branching fraction [32] which
nds it to be 39.21%  0.3%, quite consistent with the PDG mean value.
In order to substantiate the relative quality of the three data given in Table 1, we
have redone the global t, as described in Ref. [1], changing only the  ! γγ data. The
corresponding t information is given in the rightmost pair of data columns in Table 1. Even
if the t probabilities are all quite acceptable, it is clear that the PDG recommanded value
is indeed preferred. For this reason we use, from now on, the corresponding best t results
as reference values:
x = 0:902 0:018 ; P = −10:38  0:97 (35)
V. THE WZW DESCRIPTION OF =0 ! γγ DECAYS
Starting from broken HLS and FKTUY, the VMD model of Ref. [1] recovers the tra-
ditional form for the two{photon decay amplitudes, (i.e. the one mixing angle expressions
of Current Algebra [8,9,30]). Using these standard expressions, one indeed gets through













where Z = [f=fK ]
2, and f 0;8 denote the (Current Algebra) singlet and octet decay constants;
we have already dened P , the (single) mixing angle occurring in this approach.
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Practically, these formulas show that, instead of going through the whole machinery of
VMD by starting from the broken FKTUY Lagrangian, one could get these decay constants
directly from the WZW Lagrangian [16,17]. Indeed, this can be written





(with Nc = 3) where Q = Diag(2/3,{1/3,{1/3) is the quark charge matrix, A is the electro-
magnetic eld and P is the bare pseudoscalar eld matrix. Changing to the renormalized
eld P 0 through Eq. (13) allows us to recover the couplings in Eq. (33) quite easily.5
This illustrates clearly that, what is named f8 in the Current Algebra [30] expressions
for =0 decays to two photons, can be expressed solely in terms of f and fK , in a way
which xes its value to f8 = 0:82f. Correspondingly, we have f0 = 1:17f which includes
a correction of approximately 10% due to nonet symmetry breaking. The fact that the
WZW Lagrangian leads to the same results as the FKTUY Lagrangian simply states their
expected equivalence when deriving two{photon decays amplitudes, as soon as the same
breaking scheme is consistently implemented within both Lagrangians.
However, the SU(3) sector of Chiral Perturbation Theory (ChPT) [8,18,19] is well known
to predict f8=f ’ 1:25 and a mixing angle of ’ −21. Then, the question is whether there is
an inconsistency with respect to ChPT, or if there is a mismatch among denitions in ChPT
(f0;8) and in the VMD/WZW approach (f 0;8), after symmetry breaking. More precisely, the
question is whether f 8 and f 0 have actually the meaning of decay constants.
VI. A CHPT DESCRIPTION OF =0 ! γγ DECAYS
We have seen above that in the VMD procedure developed in Refs. [1,2,7], the expressions
for f8, f0 and the mixing angle are the same as are obtained from the matrix elements for
hγγjLWZW ji and hγγjLWZW j0i. We have denoted the parameters, obtained in this manner,
f 0;8 and P . In ChPT, however, the corresponding quantities (f0;8, 8, 0) are dened through
other matrix elements, namely h0j@J8;0 ji and h0j@J8;0 j0i, where the J8;0 are the axial
currents. It seems, however, traditionally admitted [8,19,33] that both sets of denitions
necessarily coincide. It is this last property which we shall examine now.
A. Usual ChPT Parameters from Broken VMD
The axial current dened by Eq. (19),
Ja = −2f
{




can be rewritten in terms of the physical elds, through the tranformation in Eq. (30) (and
also Eq. (28) for the isoscalar sector). We can write the matrix elements h0jJajP 0ai for
a = 1;    7 and get the corresponding decay constants:
5Actually, these formulas were written in Ref. [7], but in terms of cA. We have rewritten them
here for transparency.
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h0jJ=K j=K(q)i = if=K q (39)






















with obvious notations, and where we have used z = [fK=f]
2 = 1=Z. From above, we
know that x = 1=
p
1 + B2, is influenced by FSB (B2 ’ 0:8). Moreover, the occurrence of
simply (1 + ) { without any dependence upon z] { is surely due to the fact that NSB in
the Lagrangian of Eq. (18) does not undergo SU(3) breaking eects. Therefore, it is quite
legitimate to consider that 1 +  ’ 1=x2 and make the approximation x(1 + ) = 1=x.
One should note the occurrence in Eq. (40) of singlet eld contributions to the octet axial
current and, conversely, of octet eld contribution into the singlet axial current. Additionally,
these terms vanish in the limit of unbroken SU(3) flavor symmetry (z = 1) as expected.
These axial currents allow us to dene the following matrix elements
h0J8j8(q)i = if8q ; h0jJ0j0(q)i = if0q

















(1− z)f = (−0:24 0:01)f (42)
where the quoted errors are statistical only.
One readily observes a mismatch between the VMD/WZW denition for f8 and f0 (see
Eq. (36)) and the ChPT denitions above; this mismatch is both algebraic and numeri-
cal. Otherwise, this f8 corresponds to the standard ChPT denition and expected value
[8,18,19,33].
In order to switch to the matrix elements for h0jJ0;8 j=0i, we use Eq. (3) together with
the notations of Kaiser and Leutwyler [12,13]
h0jJ0;8 j=0(q)i = iF 0;8=′q (43)
and nd
F 8 = F
8 cos 8 = f8 cos P − b8 sin P = (1:269 0:008)f
F 8′ = F
8 sin 8 = f8 sin P + b8 cos P = −(0:472 0:021)f
F 0 = −F 0 sin 0 = b0 cos P − f0 sin P = (0:001 0:023)f
F 0′ = F
0 cos 0 = b0 sin P + f0 cos P = (1:315 0:026)f (44)
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using the reference parameter values for x and P of Eq. (35). These parameter values lead
to
F 8 = (1:36 0:01)f F 0 = (1:32 0:03)f
8 = −20:40  0:96 0 = −0:05  0:99 (45)
In the exact SU(3) limit (z = 1), the expressions in Eq. (44) imply 0 = 8 = P . Thus,
the dierence between them is, indeed, an eect of SU(3) flavor symmetry breaking, with
only a marginal (numerical) influence of the nonet symmetry breaking parameter x.
Now, the values given in Eq. (45) can indeed be compared with ChPT expectations, as
these expressions correspond to the standard ChPT denition of mixing parameters. The
value for F 8 compares impressively to the parameter free prediction of Ref. [13] (1:34f with
no quoted error). The value for F 0 is harder to estimate theoretically because of its scale
dependence; however, from the information given in Refs. [12,13], F 0 ’ 1:3f seems in an
acceptable range. The value 8 = −20:400:96 is impressively consistent with all reported
ChPT expectations (for example, −20  4 from Ref. [18], −20:5 from Ref. [12]).
For 0 the situation is unclear because the accuracy of the reported theoretical ex-
pectation [12] 0 = −4 is lacking. However the estimate of Kaiser and Leutwyler for
(0 − 8) ’ 15  1, is seemingly much smaller than what is obtained from (broken) VMD
phenomenology (20:45  1:10). It is clear that the disagreement (if actual) refers to the
estimate for 0. Answering this question is an important point. Indeed, it could indicate
that the (rst order) model for radiative decays of Ref. [1] has to be corrected by higher or-
der terms in the breaking parameters. However, it remains surely useful to get an improved
prediction from ChPT concerning both 0 and its theoretical accuracy. Indeed, we shall see
shortly that the disagreement (if actual) deals only with ChPT higher order corrections still
lacking [13].
B. Further Comparison of VMD with ChPT
One can ask about the correspondence of the expressions for the ChPT parameters
coming from our VMD Lagrangian model of currents with their usual ChPT expressions in
terms of f and fK . For some of them, irrespective of the quality of the comparison reported
above, it is easy to check that they actually coincide at leading order. Let us illustrate with
a few examples referred to in Ref. [12].
From Eqs. (44), one can easily derive6
[F 8]2 = [F 8 ]









(1− z)2f 2 : (46)
Let us dene
z = 1 + 2" ; x = 1 +  : (47)
6Related with a remark stated above, this expression might have to be improved by multiplying
the second term by 1=x2.
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Neglecting terms of order "2, we have " = fK=f − 1 ’ 0:22 and  = x − 1 ’ −0:10 as












f 2 : (48)
which can be rewritten
3[F 8]2 = 4f 2K − f 2 +O("2): (49)
This gives the same leading term as its ChPT expression (see Eq. (11) in Ref. [12]); the
leading neglected term is numerically about 5%. For F 0, we cannot really compare with a
known expression, however, assuming the approximate relation [13]
F 0 ’
√
1 + 1 f ; (50)
we may conclude that the coupling constant [12] 1 ’ 0:64  0:06, which might serve to
estimate the other coupling constants [12] 2 and 3 from phenomenology. On the other
hand, Eq. (44) also gives
F 0F 8 sin (8 − 0) = f8b0 + f0b8: (51)
Using the expressions in Eq. (42) and in Eq. (47), this is
3F 0F 8 sin (0 − 8) = 2
p
2(f 2K − f 2)
[




which coincides at leading order with the corresponding quantity given in Ref. [12] (see
Eq. (13) there). One should note, however, that the leading correction is increased with
respect to neglecting deviations from nonet symmetry, from 22% to 27%. On the other
hand, one can check that
F 0 = 1 +
2
3




in units of f, which also corresponds to the expectation that F
0 and F 8 dier only at
rst non{leading order [12]. Of course, leading and non{leading in our expressions refers
to the small perturbation parameters of our model, " and  dened above. One should
however note that higher order corrections play some role; indeed, at leading order, F 0 and
F 8 dier by about 15% (see Eq. (53) just above), while the numerical value in Eq. (45) gives
a dierence of only ’ 3%.
Therefore, the dierence between our result for 0− 8 (21:64 1:14) and the estimate
of Refs. [12,13] (14 to 16) is only due to non{leading contributions. Actually, this can be
checked directly on Eq. (51) which gives 0−8 ’ −20, while Eq. (52) gives 0−8 ’ −15,
as obtained in Refs. [12,13]. However, as will be seen in Subsections VIIIA and VIIIB,
the condition 0 = 0 is automatically fullled by all data on radiative decays, within the
framework of Ref. [1]. It will even lead us a three parameter model describing all data on
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radiative decay7. In light of this, a better ChPT estimate for this parameter would be of
considerable interest.
Under this condition, one can consider the numerical results given in Eq. (45) as quite
accurate input for standard and extended ChPT at lowest order.
C. A Relation between 8 and P
Equations (44) and (42) together give
tan 8 =
f8 tan P + b8






which corresponds to ’ ’ −10:02, not influenced by NSB at this order.
Let us also consider the condition 0 = 0 as exact, which is clearly close to real life (see
Eq. (45)). One can easily check that it can be cast into the form
tan’P = K tan P : (55)
where K = (2 + z)=[(1 + 2z)x] diers from unity by only 3%, which is likely well inside our
(systematic) model errors. Therefore, Eq. (54) can be written
tan 8 = tan [P + arctan (K tan P )] ’ tan 2P : (56)
Thus we have already P = 8=2 with an accuracy of order 2%, which obviously implies
that the ChPT (decay constant) mixing angle is twice the (wave{function) mixing angle.
This makes explicit the connection between VMD/WZW and ChPT angles. A slightly more
accurate expression is obtained by expanding the relation above
8 = P +
K − 1
2
sin 2P ’ (K + 1) P ; (57)
where the last expression takes account of the observed smallness of P .
The (P ; 8) relation clearly relies on the smallness of 0, which is conrmed within ChPT
directly [12]. It should be stressed that, even if higher order corrections in our broken VMD
model push 0 to exactly −4, the estimate above cannot be changed by more than 2, which
means that the relation above remains valid, but with a slightly larger error. This relation
also relies on the weakness of NSB (x ’ 1 or, equivalently,  ’ 1=4). On the other hand, the
observed small departure from nonet symmetry, makes urgent an improved ChPT estimate
of 0. Indeed, as VMD phenomenology [1] nds P ’ 8=2 with a good accuracy, it also
implies that higher order corrections to 0 should not signicantly increase departures from
0 ’ 0.
7With only one parameter referring to pseudoscalar mesons, while the remaining two refer purely
to vector meson properties.
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D. Estimate of the Quark Mass Ratio
Since there is now some reason to trust the reliability of our numerical results in Eq. (44),










− [fM]2(2S − 1) (58)
in order to extract the ratio S of the strange quark mass to the mean value of the non{strange
quark masses (S = ms=m^). This equation is actually second degree and thus potentially
admits a spurious solution. The Mi terms are the corresponding meson masses.
Using the mass values for neutral mesons and the information given in Ref. [20], we get
ms
m^
= 21:23 2:42 or ms
m^
= 2:5+1:3−0:7 (59)
The rst solution compares well to the expectation of Current Algebra (25.9) and to the
estimate (26.6) of Ref. [12] ; it is also in impressive agreement with the A. Pich estimate
[31,34] 22:63:3. The magnitude of the uncertainties (about 10%) is dominated by the errors
on decay constants; errors due to choosing the neutral masses for the relevant mesons are
not accounted for but are seemingly small. Anyway, this does not signal that the parameter
values computed from the VMD basic t parameters lead to some drawback.
VII. VMD, THE WZW LAGRANGIAN AND CHPT
We have shown in Section III that the HLS model can be consistently extended in order
to include nonet symmetry breaking along with SU(3) breaking eects. We have found
presently reasonable to restrict ourselves to rst order eects. We have also illustrated
the relevance of this Lagrangian by showing that the relations it gives are in accord with all
known relations of extended ChPT at leading order and that the numerical results correspond
to ChPT expectations. As far as only the basic ChPT parameters are concerned, it should
be noted that the eects of having x 6= 1 have been shown to be marginal.
Comparing the two sets of parameters, both derived from within a common VMD frame-
work, the single clear conclusion is that there is a mismatch between the VMD/WZW cus-
tomary denitions of decay constants and mixing angles and that currently stated within
ChPT. Before commenting on phenomenological issues, we rst show that this mismatch is
a pure eect of SU(3) breaking which could have been foreseen since the work of Kaiser and
Leutwyler [12,13].
A. From ChPT back to VMD/WZW
The question of whether one can move back from the standard angles and decay
constants of (extended) ChPT to the VMD/WZW framework is, of course, of special rel-
evance. Indeed, we have already shown that, starting from our VMD/WZW model, the
observed mixing angle of ’ −10 (for instance) was quite consistent will all expectations of
ChPT, especially 8 ’ −20. The proof of the converse, i.e. deriving the WZW expressions
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from the axial anomaly, can be done on general grounds and is outlined in the Appendix.
We detail here the algebra in order to illustrate the connection between ChPT concepts
and the standard VMD parameters, and also test the consistency of having used rst order
approximation for the eld transform.
The basic idea is to remark that at q ! 0, the divergence of axial currents is given by
the axial anomaly. In the case of two{photon decays, it takes the form
h0j@J;ajγγi = Nh0jTr[T aF ~F  ]jγγi ; a = 0; 3; 8 (60)
where the axial currents are given in Eq. (19), F is the photon eld strength and ~F
its dual, T a are the SU(3) flavor matrices and N is a normalization factor. Saturating the







GPγγ = N Tr[T
aQ2] ; a = 0; 3; 8 (61)
where we have denoted by GPγγ the decay amplitude of pseudoscalar mesons to two photons
and Q is the quark charge matrix.
As we limit the sum to the lowest pseudoscalar mesons, the single intermediate state for
@J3 is P = 0 and then:
h0j@J3j0i 1
M20
G0γγ = N Tr[T
aQ2] (62)
With h0j@J3j0i = fM20 , and because the last term in Eq. (33) gives G0γγ , Eq. (62)
provides the normalization N = 6=.
For @J0 and @J8, there are two possible intermediate states (the  and 0 mesons) and
Eq. (61) gives:
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These expressions are the =0 ! γγ amplitudes in terms of the Kaiser{Leutwyler pa-
rameters F 0=8 and 0=8. They can be reexpressed in terms of P and f0, f8, b0, b8 by means

































These expressions exhibit the standard Current Algebra structure. Having denoted the



















This proves that f8 and f0 would coincide with the =
0 decay constants f8 and f0 , only if
b0 and b8 were zero, i.e. if SU(3) were not broken. Using the expressions in Eq. (42) and
truncating at leading order in (z−1) and (x−1), it is easy to check that we get the fi given
in Eq. (36).
The expressions in Eq. (66) are interesting in this regard: they clearly show that the
mismatch originates from the fact that b0 and b8 are non{zero when SU(3) symmetry is
broken (z 6= 1), which is basically the point of Refs. [12,13]. Therefore, the usual expressions
of Current Algebra do not directly give the isoscalar meson decay constants when SU(3) is
broken. Nevertheless, this does not prevent Current Algebra from being the most economic
formulation for the study of radiative decays, as it involves only two parameters (P and x)
instead of four highly correlated parameters (see Eqs. (64)). Moreover, we shall see in the
next Section how x and P are actually related by the observed smallness of 0.
If one takes into account the smallness of 0 expected from ChPT and from VMD esti-
mates (see Eq. (44)), Eq. (64) provides quite an interesting result



















together with P = 8=2 +O(0).
B. Phenomenological Consequences
The consequences of the mismatch mentioned above are rather practical. Usually, the
experimental determination of the pseudoscalar parameters (f0, f8, ) is derived using the
(quite standard) VMD/WZW Eq. (33), which are nothing but the former equations of
Current Algebra [8,9,30].
However, generally, the model reconstruction quality [21,33] is dened by comparing
t results for f8, f0 or P with ChPT numerical expectations (F
8, F 0, 8). Sometimes,
the numerical ChPT expectations are even used to constrain these two{photon equations
[8,9,14,15,33]. What has been illustrated above is that such a phenomenological approach
and such a theoretical treatment, are intrinsically inconsistent.
The fact that this inconsistency has been derived within a quite specic framework
(VMD), using a quite specic breaking scheme (BKY and nonet symmetry breaking) cannot
dismiss the conclusion, except if one were able to derive, directly from QCD, the unique
breaking scheme. Moreover, VMD and the breaking scheme just referred to, succeed in
providing a quite consistent and successful picture of all the relevant [1]. From this point of
view, it is quite important that Pγγ modes are so easily constrained by the PV γ modes of
light mesons, as shown in Table 1.
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To be more specic, we have also proved that f8 = (0:82 0:01)f, f0 = (1:17 0:02)f
and a (single) P ’ −11 which describes the =0 mixing at the wave function level, are
perfectly consistent with the traditional ChPT expectations and new developments: mainly
F 8 ’ (1:25−1:35)f and 8 ’ −21. VMD has been able to provide new information (0 ’ 0
and F 0 ’ 1:3f) of relevance for ChPT.
As a side remark, one should also recall, from Ref. [7], that SU(3) breaking does not
aect the box anomalies for γ+−=0. It is clear, however, from Eq. (39) in this reference,
that nonet symmetry breaking can play some (numerically) minor role. Thus, all existing
analyses [21,33] of the anomaly equations [30] have to be redone from scratch, at least for
consistency, knowing that the expected parameter values are not (directly) the ChPT ones.
VIII. FEEDBACK FROM THE CHPT PARAMETRIZATION
The ChPT parameter values we have obtained (see Eq. (45)) allow for several remarks
of importance which are to be discussed in this Section.
A. A Hidden Relation between x and P =8
At the level of accuracy permitted by the whole set of radiative decays of light mesons,
the results gathered in Eq. (45) indicate that 0 = 0 is well fullled experimentally. At its
level of accuracy (0 = −0:05  1), one can even ask oneself whether this relation is only
approximate; this means that 0 does not undergo signicant eects of SU(3) breaking, as
opposed to 8 and P . As remarked in Ref. [12], this also means that, in the sense that ji
is orthogonal to J0j0i, the  meson is practically pure octet. But as shown above, the same
ji happens also to be a mixture of j8i and j0i with an angle P ’ −11. This illustrates
the duality of denitions from another point of view.







to good accuracy. Then, Eq. (68), by providing a value for x, can allow us to answer the
issue of a possible glue content inside the 0 (see, for instance, Table II in Ref. [1] or Fig. 2
in Ref. [2]). Indeed, this equation is purely a consequence of  physics and Refs. [1,2] have
shown that no glue was required inside the  meson. As a matter of consequence, Eq. (68)
is not influenced by a possible glue content in the 0 meson.
Eq. (68), indeed, indicates a surprising correlation (x; P ) completely missed in the study
of Ref. [1]. The corresponding coecients are given in the last data column of Table 1. The
relative low magnitude of this number could be due to the fact that the eective range of
variation of these parameters is too small for correlations to fully develop. The sign however
is perfectly consistent with Eq. (68), if one remarks that P and x carry opposite signs.
Therefore, even if somewhat approximate, Eq. (68) reveals an unexpected algebraic rela-
tion between the mixing angles P =8 and the nonet symmetry breaking parameter x. This
correlation is observed in the ts to radiative decays.
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To our knowledge, it is the rst time such a relation is reported. It means that nonet
symmetry breaking is determined by the value of the mixing angle P . If z = 1 (then all ’s
vanish), x does not vanish but becomes unconstrained. Additionally, this expression tells
us that, up to (small NSB eects), the mixing angle can be expressed solely as a function
of decay constants.
B. A New Fit to Radiative Decays
From Eq. (68), we can conclude that x and P are algebraically related, at least to a very
good approximation. This leads us to redo the ts given in Ref. [1], requiring this functional
relation. This turns out to describe all radiative decays in terms of only 3 independent
parameters (g, P , V ) or (g, x, V ), which is, by far, the most constrained t of the 14
radiative decay modes ever attempted8.
The t quality obtained when setting up the constraint is 2=dof = 9:14=11, and does not
exhibit any degradation compared to the t quality reached when releasing this constraint
2=dof = 9:13=10. The dierence, in this last case, with Ref. [1] is simply the use inside
the t of the PDG mean value for  ! γγ instead of its mean value from all experiments
(including the Primako eect measurement). In all cases, we have used the so{called K
model9.
Practically, the t returns all parameters at the values obtained when leaving x and P
unrelated, even P which changes from P = −10:38  0:97 to P = −10:32  0:20. The
sharp reduction of the statistical error is an eect of removing the correlations by accounting
explicitly for the functional relation in Eq. (68). The corresponding value for x is 0.901 (to
be compared with the t value x = 0:902 mentioned above). This numerical value has an
important consequence, as will be seen in the next subsection. The t branching fractions
with x and P free or correlated are given with the data recommended by the PDG [20], all
used in the t procedure.
When setting the x − P relation, we do not observe any degradation in the quality of
the description of the various branching fractions. Comparing the two sets of predictions in
Table 2, one should note the sharp reduction of the statistical errors produced by having
switched on the x− P relation in all decay modes involving the  meson. This also aects
the modes involving 0, though to a lesser extent.
8As, now, we know that P and 8 are functionally related, and that 8 ’ −21 is equivalent
to the favored [1] P ’ −11, we could even x 8 (and then P ) to its ChPT expectation, and
consequently x too. We will not perform this exercise, as the accuracy on the ChPT estimate of 8
prevents it [18]. Nevertheless, it indicates that, from rst principles, one can perform a t to the 14
radiative decays, with remaining free tting parameters referring only to vector mesons properties.
9The specic purpose of this model, is to account for the decay mode K ! Kγ, which calls
for a specic modication of the K sector in an otherwise \natural" and simple treatment. The
discussion about this modied model is discussed from complementary points of view in Refs. [1]
and [2]. We refer, for this purpose, the reader to both papers.
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One should also note that recent measurements [35] of ! 0γ by the CMD{2 Collabo-
ration at VEPP{2M, using new 0 decay modes, conrm the central value of Ref. [36] rather
than that of Ref. [37] reported in the PDG [20]; the agreement with the t values we always
get for this mode [1] is thus improved. Indeed, the new measurement ([5:8  1:8]  10−4)
reported by Ref. [35] (or by Ref. [36]) would provide a minimum 2 smaller than reported
above by one unit; it has not been used in the t in order to keep consistency with all
1998 accepted values [20]. This also explains why we do not expect dramatic improvements
from the interplay of higher order terms from the eld transform: presently, their eects are
competing with experimental errors.
C. The x–P Relation Kills Glue in the 0 Meson
In the previous study of Refs. [1,2] it was shown that the correlation between glue and
nonet symmetry breaking was huge. As stated several times above, accounting generally for
glue coupling to the =0 system implies that two angles have to be introduced in addition
to P . One () is such that  = 0 implies that the  meson does not couple to glue, the
other (γ) is such that γ = 0 implies a decoupling of the 0 from glue.
However Table IV in Ref. [1] or Fig. 2 in Ref. [2], clearly show that: i/ whatever the
value of the nonet symmetry breaking parameter x, the angle  is not observed to deviate
sensitively from zero; ii/ additionally, for x ’ 0:9 the angle γ is also consistent with zero.
We have mentioned in the previous subsection that the value for x which comes from
the t value of P is 0.901. So, we can conclude that within the picture presented in this
paper, there is no signal for glue inside the  and the 0 meson, but instead there is a
signicant signal for deviation from exact nonet symmetry: x = 0:901 relative to 1 reveals
a 5 signicance level.
This is conrmed by performing the t with γ and x, now decorrelated because of the
functional relation in Eq. (68). In this case, the t quality is strictly unchanged 2=dof=
9:14=10 and the minimum is reached for γ = −0:0218; this shows that no glue component
inside the 0 is required by the data.
D. P and the Isoscalar Mass Matrix
In light of the above, the ChPT picture happens to be consistent with the standard one




 cos P − sin P





















The most accurate value for P comes out from t to all radiative decays with the x − P
correlation set up. Indeed, from the subsection just above, we know that it is legitimate to
neglect coupling to glue. Actually, one cannot assert that glue (or any other singlet state)
is not present inside the =0 system, but what is shown in Refs. [1,2] for , and just above
for 0, is that no glue contribution is required. A kind of minimum complexity argument,
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then leads to state  = γ = 0 and to decouple glue from the =0 system. The angle value
is P = −10:32  0:20, a hardly constrained value.
With this, it is possible to revisit the determination of the isoscalar mass matrix [8,19,33].











admits the following eigenvectors:
v = (cos P ;− sin P )
v′ = (sin P ; cos P )
(71)
with eigenvalues M2 and M
2
′ . This gives m
2
88 = 0:320  0:001, m200 = 0:898  0:001 and
m208 = −0:109  0:004 in units of GeV2. This corresponds to m00 = 0:948  0:001 GeV,
and m88 = 0:566  0:001 GeV, the former close to the 0 mass and the latter close to the
 mass as one might expect from the value of P . The o{diagonal term can be written
m208 = −0:45M2K . The solution favored by VMD phenomenology is a very small deviation




[1 + ] (72)
(with M8  m88) one extracts  ’ 0:01, where most of the error is due to choosing the
mass values for K and .
E. The Differential Effect of Nonet Symmetry Breaking
Ref. [1], and Ref. [21] before, clearly proved that nonet symmetry breaking plays a
major role in accounting for radiative decays of light mesons within a relatively simple and
constrained framework. The eect is small ( ’ −0:10) but statistically signicant (’ 5).
In this Section, and in the previous one, it was instead shown that the main ChPT parameters
have values which are not sharply sensitive to having x 6= 1. To be more specic, eects of
the small value of  are competing with SU(3) breaking, always by modifying non{leading
corrections; for instance, the magnitude of the correction terms to 0 − 8 (see Eq. (52), for
instance).
IX. CONCLUSION
In a previous work, we were faced with a paradoxical problem. Using the HLS model
and its anomalous FKTUY sector, together with a denite breaking scheme, it is possible
to achieve quite a satisfactory description of all radiative decays, including =0 ! γγ.
Within this framework, it was moreover possible to predict accurately these last rates, using
only numerical information obtained by tting the V Pγ processes in isolation. This quite
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satisfactory pattern was obscured by some strange results: the (single) pseudoscalar mixing
angle was found at P ’ −11 and the octet decay constant was f8 = 0:82f, both in obvious
disagreement with ChPT expectations.
The origin of this disagreement has been investigated. Starting from a broken VMD
based Lagrangian, we have shown how to deduce the (WZW) =0 two{photon amplitudes
on the one hand, and the expectation values h0jJ0;8j=0i on the other hand (J ’s are the axial
currents), which gives the customary (ChPT) denition of decay constants. The consistency
of both is guaranteed by their having been derived from within the same VMD framework,
and by getting the VMD/WZW expressions from a ChPT framework, using basic properties
of the axial anomaly.
The origin of the disagreement reported above has been traced back to inconsistent
denitions for the same parameters provided by ChPT and the WZW Lagrangian (through
the former denitions of Current Algebra). For instance, it was shown that none of the
two angles of extended ChPT can appear as such in the two{photon decay amplitudes. In
some way, besides the angles 8 and 0 recently introduced by Kaiser and Leutwyler, the
standard angle P , which still describes the =
0 wave{function mixing, goes on playing an
important role, the main one in radiative decays. It has been shown that P ’ 8=2, within
a reasonable Lagrangian framework, perfectly accounting for all data on radiative decays
and ChPT expectations at leading order (at least).
Whether this is a pure eect of VMD together with our symmetry breaking scheme
and/or much deeper, is hard to evaluate. However, it does not seem cautious to avoid
the help of all radiative decays as source of physics information. We thus have clearly
illustrated that, besides the successful description of all radiative decays, broken VMD was
also able to meet all the requirements of extended ChPT (the two mixing angles and the
two decay constants) with a good accuracy. It was then shown that the relevant (and
self{consistent) angle pattern is 0 ’ 0, 8 ’ −20 and P ’ −10. Correspondingly,
we have simultaneously f8 = 0:82f when using the WZW (or Current Algebra) denition
and f8 = 1:33f, when using standard ChPT denition. Subsequently, we have shown
that the f i cannot be interpreted as isoscalar meson decay constants. Therefore, the VMD
phenomenology is indeed able to provide ChPT with quite reliable input. One may, for
instance, guess that the consequences of 0 = 0
 within ChPT have still to be explored.
This study has led us to several additional conclusions:
i/ Because 0 = 0 is observed with a quite impressive precision, it has been possible
to relate nonet symmetry breaking (the parameter x) and the mixing angle P . To our
knowledge such a relation has never been reported.
ii/ The nonet symmetry breaking parameter  which weights the additional singlet
contribution to the Lagrangian is small ( ’ 0:20− 0:25).
iii/ As consequence of x = 0:901, it has been shown, that no glue component is needed
inside the 0 meson.
iv/ By relating x and P , the condition 0 = 0 allows to account for observed correlations
in tting radiative decays. Additionally, this leads us to propose a 3{parameter model to
account for all radiative decays (except for K); this is the most economic model ever
proposed.
v/ The phenomenology of radiative decays is a reliable source of experimental informa-
tion for ChPT.
26
vi/ The quark mass ratio deduced from VMD information is ms=m^ = 21:2 2:4.
vi/ We observe that departure from the Gell{Mann{Okubo quadratic mass relation is
at the level of one percent.
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Process x and P x and P PDG
Related Unrelated
! 0γ (104) 5:16 0:03 5:16 0:03 6:8 1:7
! γ (104) 5:12 0:03 5:12 0:03 4:5 0:5
! γ (104) 3:16 0:05 3:19 0:10 2:4+0:8−0:9
0 ! γ (102) 33:3 1:26 34:5 2:1 30:2 1:3
K ! Kγ (104) 9:80 0:94 9:80 0:93 9:9 0:9
K0 ! K0γ (103) 2:32 0:02 2:32 0:02 2:3 0:2
! ! 0γ (102) 8:49 0:05 8:49 0:05 8:5 0:5
! ! γ (104) 7:81 0:11 7:88 0:23 6:5 1:0
0 ! !γ (102) 2:83 0:11 2:94 0:19 3:01 0:30
! 0γ (103) 1:28 0:12 1:27 0:12 1:31 0:13
! γ (102) 1:28 0:02 1:27 0:04 1:26 0:06
! 0γ (104) 0:59 0:02 0:60 0:03 1:2+0:7−0:5
 ! γγ (102) 38:87 0:75 39:3 1:8 39:21 0:34
0 ! γγ (102) 2:09 0:08 2:17 0:10 2:11 0:13
Table 2 : Radiative decay branching fractions. The rst two data columns display the
t results using the K model of Refs. [1,2]; in the rst data column (present work) the
x{P of Eq. (68) is switched on while, in the second one, it is not. The data for  ! γγ
is the recommended value [20]. The last data column displays the accepted values from
the 1998 Review of Particle Properties [20].
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APPENDIX A: THE ANOMALOUS DECAY TERM
We shall now briefly discuss the equivalence of the anomalous decay amplitude T (P !
γγ) as calculated either from the divergence of the axial current, or the WZW Lagrangian
[28]. Let us recall the form of the axial current given in Eq.(19). We then take the divergence




2P b + fa0@2P 0: (A1)







leading to (allowing for a pseudoscalar mass term)
2Tr[T aXAT
bXA]@





where C is a well known dimensionless constant [17].
We are now in a position to show that the amplitude obtained form the axial cur-
rent is equivalent to that obtained from the anomalous Lagrangian. First let us consider
hAAj@Ja j0i. As a total divergence this vanishes, in accordance with the fact that there
are no truly massless particles in the spectrum (we are not considering the chiral limit). So
using this along with Eqs. (A1) and (A3) we have
fm2P hAAjP aj0i = ChAAjF ~F Tr[Q2T a]j0i: (A4)
As q ! 0 hXjP j0i = hXjP i, hence, as m2P is absorbed in the denition of the amplitude,
we have
T (P a ! AA) = C
f
hAAjF ~F Tr[Q2T a]j0i: (A5)
We see that the result we have obtained, starting with the axial current, is the same as
one would obtain from the anomalous Lagrangian term. This equivalence extends to V V P
interactions.
10In this Section we use for conciseness the notation P =
∑
a=0;8 P aT a; thus for instance P 0 = 0.
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